The wrench-closure workspace of parallel cable-driven mechanisms is the set of poses of their mobile platform for which the cables can balance any external wrench. The determination of this workspace is an important issue since the cables can only pull and not push on the mobile platform. This paper deals with the wrench-closure workspace of six-degrees-of-freedom (DOF) parallel mechanisms driven by m cables, m ≥ 7. The boundary of the constant-orientation cross sections of the wrench-closure workspace is shown to consist of parts of cubic surfaces and an efficient method that determine this workspace by delineating its boundary is proposed.
Introduction
A parallel cable-driven mechanism consists essentially of a mobile platform connected in parallel to a base by light weight links such as cables. The control of the length of the cables allows the control of the pose of the platform. For instance, a mechanism driven by eight cables is shown in Fig. 1 . Parallel cable-driven mechanisms have several advantages over conventional rigid-link mechanisms (Barrette and Gosselin, 2005 , Merlet, 2004 , Roberts et al., 1998 . The mass and inertia of the moving part is reduced and they are less expensive. Moreover, parallel cable-driven mechanisms are easier to build, transport and reconfigure and they have the possibility of working in a very large space. Consequently, parallel cable-driven mechanisms have been used in several applications such as, for instance, robotic cranes (Dagalakis et al., 1989) , high speed manip- A 6-DOF Parallel Mechanism Driven by Eight Cables and its ConstantOrientation Wrench-Closure Workspace ulation (Kawamura et al., 2000) , active suspension devices (Lafourcade, 2004) and virtual reality (Merlet, 2004) . This paper deals with the determination of the workspace of six-DOF parallel cable-driven mechanisms. This workspace may be limited by the total length of each cable, by the interferences between the cables and between the cables and the mobile platform and by the unidirectional nature of the forces applied by the cables on the mobile platform. The limitations due to the total lengths of the cables can be determined by means of algorithms presented in (Gosselin, 1990) and in (Merlet, 1999) . However, the workspace will usually not be limited by the total lengths of the cables since large total lengths can generally be used. For a constant orientation of the mobile platform, the problem of the influence on the workspace of the cables interferences is addressed in (Merlet, 2004) . The third limitation which is due to the unidirectional nature of the forces applied by the cables on the platform has been studied mainly in the case of planar parallel cable-driven mechanisms in (Barrette and Gosselin, 2005 , Fattah and Agrawal, 2005 , Gallina and Rosati, 2002 , Gouttefarde and Gosselin, 2006 , Roberts et al., 1998 , Stump and Kumar, 2004 , Verhoeven and Hiller, 2000 , Verhoeven, 2004 , Williams et al., 2003 .
All these references do not share the same definition of the workspace and two different types of workspace can be distinguished. Indeed, we can study the set of poses of the mobile platform for which the cables can balance, by pulling on the mobile platform, a particular wrench or a particular set of wrenches, or any wrench.
When the first type of workspace is to be determined, the particular wrench or the particular set of wrenches must be chosen. Hence, the determination of this workspace is useful when a particular task, for which the wrenches that must be generated at the mobile platform are known, is assigned to the cable-driven mechanism. The determination of the second type of workspace, called the wrench-closure workspace (WCW) in the present paper, does not need such a choice since it depends on the geometry of the mechanism only (Gouttefarde and Gosselin, 2006) , i.e., on the number of cables, on the positions of the attachment points of the cables at the mobile platform and on the positions of the points of the base from which the cables are taut (points A i in Fig. 1 ). Hence, the WCW is a property of the mechanism only and is consequently related to the general design problem of selecting geometry of mechanisms which have the ability to perform various types of tasks. More details on the different types of workspace of parallel cable-driven mechanisms can be found in (Bosscher and Ebert-Uphoff, 2004 , Ebert-UpHoff and Voglewede, 2004 , Gouttefarde and Gosselin, 2006 , Gouttefarde, 2005 .
In this paper, an efficient method that allows to determine the constantorientation cross sections of the WCW, called the constant-orientation WCW (COWCW), is proposed. This method applies to any six-DOF parallel cable-driven mechanism and it determines the boundary of the COWCW which is shown to consist of parts of cubic surfaces. To the best of our knowledge, such a tool has never been introduced in previous papers dealing with six-DOF cable-driven mechanisms such as the works presented in (Hiller et al., 2005 , Kawamura et al., 2000 , Lafourcade, 2004 , Pham et al., 2006 , Tadokoro et al., 1996 , Takeda and Funabashi, 2000 , Verhoeven, 2004 .
2.
Nature of the boundary of the COWCW
The relationship between the tensions in the cables and the wrench w p applied by the cables on a reference point P of the platform is given by
where t is the vector of cable tensions and W the 6 × m pose dependent wrench matrix where m denotes the number of cables. Since the WCW of a six-DOF parallel cable-driven mechanism exists only if its mobile platform is driven by at least seven cables (Ming and Higuchi, 1994) , in this paper, m ≥ 7. The WCW is defined as the set of poses of the mobile platform in which, for any wrench w p in R 6 , there exists at least one vector t in R m , whose components are all nonnegative, such that Eq. 1 is verified. For a constant orientation of the mobile platform, the COWCW is the set of positions of the reference point P of the platform which belongs to the WCW. The poses that belongs to the WCW can be characterized by several means (Gouttefarde, 2005) including the following theorem ( Murray et al., 1994, Stump and Kumar, 2004 ).
Theorem 1 Let w i , 1 ≤ i ≤ m, m > 6, be the column vectors of the wrench matrix W and let us assume that rank(W) = 6. Then, a pose of the mobile platform belongs to the WCW if and only if all the hyperplanes H of R 6 spanned by five wrenches w i (linearly independent) are separating, i.e.,
where q = − → 0 is a vector of R 6 orthogonal to H.
Eq. 2 means that there exists at least one column of W lying on each side of the hyperplane H. Now, let us assume that the orientation of the mobile platform of a six-DOF parallel cable-driven mechanism is constant. Let us consider a position P 1 of the mobile platform which belongs to the COWCW and a continuous trajectory going from P 1 to a position P 2 which lies outside the COWCW. According to Theorem 1, on the part of the trajectory that belongs to the COWCW, all the hyperplanes H spanned by five columns of the wrench matrix W are separating. Moreover, at the point at which the trajectory leaves the COWCW, at least one of the hyperplane H ceases to be a separating hyperplane. But, a hyperplane H ceases to be a separating hyperplane if and only if the five columns of W which span H become linearly dependent or these five columns and an other column of W become linearly dependent. Hence, in the two cases, the trajectory leaves the COWCW since at least one combination of six columns of W becomes linearly dependent and a position of the mobile platform belongs to the boundary of the COWCW only if six columns of the wrench matrix W are linearly dependent.
This observation on the nature of the boundary of the COWCW is important. Indeed, the columns of the wrench matrix W are of the same nature as the columns of the transpose of the so-called jacobian matrix of a Gough-Stewart platform (Ebert- Voglewede, 2004, Gouttefarde and and, consequently, for a constant orientation of the mobile platform, six columns of W are linearly dependent on a surface of the same nature as the constant-orientation singularity locus of a Gough-Stewart platform which is known to be a cubic surface (Mayer St-Onge and Gosselin, 2000) , i.e., a surface whose equation can be written as a multivariate polynomial of degree three in the Cartesian coordinates of the mobile platform. Finally, we can state that the boundary of the COWCW consists of parts of cubic surfaces of the same nature as the constant-orientation singularity locus of the Gough-Stewart platform. This fundamental result is a generalization to the most general case of the similar result presented in (Gouttefarde and Gosselin, 2005) in the case of six-DOF parallel mechanisms driven by seven cables.
Efficient determination of the COWCW
In this section, the main steps of an efficient method that determines the COWCW by finding its boundary are presented. This method takes advantage of the geometric nature of the boundary introduced in the previous section.
First, an orientation of the mobile platform is chosen and, for each combination of six columns of the wrench matrix W, the equation of the cubic surface S i on which these columns are linearly dependent is determined. A method that allows to obtain these equations is presented in (Mayer St-Onge and Gosselin, 2000) . Then, in order to deal with curves instead of surfaces, a set of parallel planes is selected, e.g. planes orthogonal to the z-axis, and the part of the boundary of the COWCW which belongs to these planes is sought. Let us denote by P one of these planes. Without loss of generality, we can assume that the equation of P is z = z 0 , i.e., that P is orthogonal to the z-axis. The part of the boundary of the COWCW which lies in P can be obtained by following the steps presented below.
Step 1: obtain the equations of the cubic curves C i that lie in P and on which six columns of W are linearly dependent by substituting z 0 for z in the equations of the cubic surfaces S i .
According to section 2, if it exists, the part of the boundary of the COWCW which lies in P is composed of parts of the cubic curves C i . Moreover, the extremities of these parts are the points of intersection between the cubic curves C i .
Step 2: for each of the cubic curve C i , determine the points of intersection between C i and the other cubic curves.
The points of intersection between the cubic curves C i can be determined by means of an elimination method (Roth, 1993) .
Step 3: for each of the cubic curve C i , find all its parts defined by the points of intersection computed at step 2 and eliminate all unbounded parts. In the present work, the different parts C ij of a cubic curve C i are found by following the curve C i by means of a continuation method ( Merlet, 2004b) . The unbounded parts of the curves C i are eliminated for the COWCW is a bounded subset of R 3 (Gouttefarde, 2005) .
Step 4: test each of the parts of cubic curves C i found in step 3 in order to obtain those which, in P, constitute the boundary of the COWCW.
Let C ij be a part of a curve C i . If one of the points Q of C ij apart from its two extremities belongs to the COWCW then C ij is not a part of the boundary since the COWCW is an open set. On the contrary, if Q does not belong to the COWCW, two points Q 1 and Q 2 near enough Q are considered. Q 1 lies on one side of C ij and Q 2 on the other side. Then, C ij is a part of the boundary if and only if Q 1 or Q 2 belongs to the COWCW. Note that, in order to determine if a given point belongs to the COWCW, the interior of the convex hull formed by the columns of the wrench matrix W must contain the origin of R 6 (Murray et al., 1994) .
Step 5: if some parts of the cubic curves C i remain after step 4, the COWCW exists and a graphical representation of the part of its boundary which lies in the plane P is obtained by drawing these parts.
Example
The COWCW shown in Fig. 1 has been determined, for the orientation of the mobile platform shown in the figure, by following the steps introduced in the previous section. In one of the plane P, the cubic curves C i , their points of intersection and the cross section of the boundary of the COWCW obtained by the method are shown in Fig. 2 .
Conclusions
The determination of the WCW is an important issue for 6-DOF parallel cable-driven mechanisms since the cables cannot push on the mobile platform. Moreover, the COWCW turns out to be highly dependent on the geometry of the mechanism and on the orientation of its mobile platform. Hence, the method presented in this paper which allows to determine the COWCW is useful in order to analyze and design 6-DOF parallel cable-driven mechanisms. This method applies to 6-DOF mechanisms driven by an arbitrary number of cables and is based on the nature of the boundary of the COWCW which has been shown to consist of parts of cubic surfaces of the same nature as the constant-orientation singularity locus of Gough-Stewart platforms.
